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DG CATEGORIES OF CUBIC FOURFOLDS
MARTINO CANTADORE
Abstract. We prove a reconstruction theorem à la Calabrese-Groechenig for
the moduli space parametrizing skyscraper sheaves on a smooth projective variety
when these are considered as a system of points in the dg category of perfect
complexes on the variety, as axiomatized by Toën and Vaquié. This result is
then used to show that, for a cubic fourfold Y ⊂ P5
C
, the Kuznetsov category
AY is geometric (possibly twisted) if and only if a dg enhancement TY of AY
admits a system of points whose associated moduli space is a (possibly twisted)
K3 surface.
Introduction
In recent years some interest has grown around the possibility of studying ratio-
nality problems of varieties by means of derived category techniques. One of the
most stunning approaches is the cautious conjecture made by Kuznetsov [Kuz10]
stating that a smooth cubic hypersurface Y ⊂ P5C is rational precisely if the sub-
category AY appearing in the semi-orthogonal decomposition (see subsection 1.1
for the precise definition)
Db(CohY ) = 〈AY ,OY ,OY (1),OY (2)〉 AY := 〈OY ,OY (1),OY (2)〉
⊥
is equivalent to the derived category of coherent sheaves over a K3 surface.
The categoryAY is an instance of what some people call noncommutative variety,
that is a k-linear triangulated category with a Serre functor and such that the Hom
spaces between its objects are finite-dimensional. In this mindset we should do
geometry by studying, instead of varieties themselves, triangulated categories which
have the same properties of derived categories of coherent sheaves over varieties.
In this case AY is an example of a K3 category because its Serre functor is the
double shift like in the derived category of a K3 surface.
The rough idea behind this paper is that we would like to treat the triangulated
category AY as a category of geometric origin: to do that we first take a dg
enhancement of it, that is we see it as a triangulated trace of a saturated dg category
T , and we can then use the results of Toën and Vaquié [ToëVaq07] to produce a
derived moduli stack RMT which classifies perfect (i.e. compact) objects in T . The
next step would be looking inside this moduli stack to find a suitable geometric
space which would be our deputee K3 surface.
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K3 surfaces have non-trivial Fourier-Mukai partners, so that there is no possi-
bility to reconstruct such a K3 surface S from the datum of its derived category
alone, nevertheless the construction mentioned above gives us back the surface (and
in fact any smooth projective variety) when we apply it in the case AY ≃ Db(S)
because we are given a canonical morphism from S to the moduli space of per-
fect complexes over S as the unit of an adjunction (and in particular we use the
t-structure on the derived category). Our approach to the reconstruction follows
the paper [ToëVaq15] where the authors axiomatize what a point in a dg category
is and construct a moduli stack MP ⊂ MT of point-like objects in a given dg cat-
egory for a given system of points P (see section 1.3.3 for a resumé of their work).
The moduli stack of point-like objects results naturally to be a Gm-gerbe over the
coarse moduli space MP .
In the same paper the authors claim that skyscrapers sheaves on a smooth pro-
jective variety constitute a system of points and that a smooth projective variety
can be reconstructed starting from such data, in this work we provide a proof of
this fact and apply this reconstruction procedure to get the following result:
Theorem (see Theorem 3 and Proposition 4). Let Y ⊂ P5 be a cubic fourfold,
AY the admissible triangulated subcategory in the semi-orthogonal decomposition
of Db(Y ) as above and TY a dg enhancement of the latter. The following are
equivalent:
(1) There exists a twisted K3 surface (S, α) such that Db(S, α) ≃ AY ;
(2) There exists a system of points P of dimension two in TY strongly co-
generating a t-structure on TY and MP is a K3 surface.
In particular the K3 is untwisted (i.e. α = 1) if and only if MP is the trivial
Gm-gerbe on MP and in this case there exists an open immersion S →֒ M
pt,0
T .
In the statement above the space Mpt,0T is the coarse moduli space of the Gm-
gerbe M pt,0T (see subsection 3.1 for the definition) and is an attempt to capture the
information of point-like objects by considering the open substack of MT made of
objects in TY which have the correct ext-groups and Chern character, but we were
unable to prove a statement as strong as the one obtained for MP .
This paper is structured as follows: after a section of preliminaries, in Section
2 we establish the reconstruction result for general smooth projective variety. In
Section 3 we apply the result to the case of cubic fourfolds and K3 surfaces.
1. Preliminaries
We are going to use some technical tools from higher/dg category theory and
derived geometry, as well as geometric facts about varieties, especially (smooth
projective) K3 surfaces. Since it is more common to feel comfortable on either side
but rarely on both, we do our best to summarize the necessary facts in this section.
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1.1. Cubic fourfolds, decompositions and associated K3’s. It has been re-
marked that cubic fourfolds, that is smooth hypersurfaces in P5C, have striking
similarities with K3 surfaces, for example in the shape of their Hodge diamond.
Actually this story goes beyond the similarity: Hassett [Has00] has introduced
special cubic fourfolds as points of a codimension 1 locus in the moduli space of
cubics, each irreducible component of which consists of cubics classified by an in-
teger d = disc〈h2, T 〉 where h is the hyperplane class and T is the class of a surface
not homologous to h2, proving that for certain values of d one can associate to the
cubic a K3 surface via Torelli theorem.
On the other hand, this relation among fourfolds and surfaces has been found
in the realm of derived categories, but let us review some glossary before talking
about these results.
A full triangulated subcategory A of a triangulated category D is admissible if
the inclusion functor admits both left and right adjoints.
Two admissible triangulated subcategories A, B of D form a semi-orthogonal
decomposition of D, written D = 〈A,B〉 if the following holds:
• HomD(B,A) = 0 ∀A ∈ A, B ∈ B
• the smallest triangulated subcategory of D containing both A and B coincides
with D.
Obviously the definition can be generalized to a finite collection of triangulated
subcategories D = 〈A1, . . . ,An〉. Let us define the full triangulated subcategories
left and right orthogonal respectively to a triangulated subcategory A as follows:
⊥A = {E ∈ D | HomD(E,A[n]) = 0 for A ∈ A, n ∈ Z}
A⊥ = {E ∈ D | HomD(A[n], E) = 0 for A ∈ A, n ∈ Z}.
If A is admissible we then get semi-orthogonal decompositions
D = 〈A,⊥A〉 D = 〈A⊥,A〉.
Kuznetsov [Kuz10] exhibited a semi-orthogonal decomposition of the derived
category of the cubic fourfold Y ⊂ P5C
Db(Y ) = 〈AY ,OY ,OY (H),OY (2H)〉 AY := 〈OY ,OY (H),OY (2H)〉
⊥
where H is the pullback of the hyperplane class in P5C, and found that in some cases
one can produce a K3 surface S such that AY ≃ Db(S), also proving that for cubic
fourfolds containing a plane there is an equivalence of AY with the derived category
of a K3 twisted by a Brauer class. Recently Addington and Thomas [AddTho14]
proved that generically the special cubic fourfolds found by Hassett and Kuznetsov
coincide (and it is conjectured that they coincide globally).
It is an interesting fact that no cubic fourfold has yet been shown to be irrational,
and for all the known rational examples this connection with K3 surfaces holds. It
is nonetheless conjectured that the generic cubic fourfold will only be unirational
(and cannot have an associated K3).
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1.2. Gerbes and twisted sheaves. The most concise way to introduce gerbes
over a scheme X is saying that they are classified up to equivalence by the second
cohomology group H2(X,O∗X). This definition gives the hint that they are some
kind of higher order equivalent of line bundles but it is after some work that one
can characterize them as a particular kind of stacks. Stacks here will be viewed
as (pseudo)functors from some algebro-geometric site CX of X to the category of
groupoids, and a gerbe will then be a stack X which is locally non-empty, that is
for every Y ∈ CX there is an open cover U → Y such that X (U) 6= ∅, and such
that for any two sections α, β in X (Y ) there exists a cover {Ui → Y } such that
there is at least one arrow (which is an isomorphism) α|Ui → β|Ui for every i.
A lot of useful information about the gerbe is contained in the automorphism
sheaves of α ∈ X (Y )
Autα : (V → Y ) 7→ AutX (V )(α|V )
and that is the reason to introduce µ-gerbes (or gerbes banded by µ) for some sheaf
of groups µ as those gerbes X such that for every Y and every α ∈ X (Y ) there is
an isomorphism iα : µ→ Autα such that for another object β ∈ X (Y ) the diagram
Autα
µ
Autβ
≀
iα
iβ
commutes. Morphisms of µ-gerbes are morphisms of stacks ϕ : X → X ′ such that
the following diagram commutes:
Autα
µ
Autϕ(α)
≀
iα
iϕ(α)
Given a general stack X over X we can associate to it its coarse space π0X , given
by the sheafification of the presheaf which associates to an element U ∈ CX the set
of isomorphism classes (i.e. the connected components) of the groupoid X (U). In
this way X is always a gerbe over π0X .
The gerbes encountered in this work will mostly be banded by the multiplicative
group sheaf Gm and therefore classified by H2(X,Gm).
Let α ∈ H2(X,O∗X) be the equivalence class of a gerbe, we can represent it as
a Čech 2-cocycle {αijk ∈ Γ(Uijk,O∗X)}i,j,k∈I over some open cover {Ui → X}i∈I of
X (where we wrote Uijk for Ui ×X Uj ×X Uk) and use these functions to twist the
glueing of sheaves over the open subspaces:
Definition 1. An α-twisted sheaf on a scheme X is the datum of a collection of
OX-modules {Fi}i∈I over the open subschemes of some cover {Ui}i∈I , and of glueing
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functions {ϕij}i,j∈I, that is ϕij : Fj |Ui×XUj
∼
−→ Fi|Ui×XUj , such that for every i, j ∈ I
it holds ϕii = id, ϕij = ϕji
−1 and
ϕijϕjkϕki = αijkidFi|Uijk ∀i, j, k ∈ I.
Using a different cocycle {α′ijk}ijk representing α over the same open cover gives
a bijection between twisted sheaves built using the representative αijk and those
defined using α′ijk and this bijection depends on the choice of a 1-cocycle {λij}ij ∈
Cˇ1((Ui),O
∗
X) whose boundary is the difference between the two 2-cocycles. Passing
to a refinement of the cover results in the same way in a bijection of twisted sheaves.
This means that we can define up to non-canonical equivalence the category of α-
twisted twisted of OX -modules and (always up to non-canonical equivalence) its
notable subcategories: the abelian category of quasi-coherent α-twisted sheaves
and of coherent α-twisted sheaves. Familiar homological constructions can then be
carried over in the twisted version with substantially no harm, therefore we can
for instance talk about derived categories of twisted coherent sheaves on a variety.
Inside this twisted derived categories we can define RHom and ⊗L, precisely like
in the non-twisted case with just the caveat that, for instance, the derived tensor
product of complexes of α-twisted and α′-twisted sheaves will be a complex of αα′-
twisted sheaves, therefore these derived functors are not endofunctors anymore.
Nonetheless it still holds the adjunction relation between them. All this is carried
out in detail in Chapter I.2 of [Căl00].
Remark 1. A more abstract but equivalent approach is: given a Gm-gerbe X on X,
one can define quasi-coherent sheaves on X and every F ∈ QCoh(X ) has a natural
Gm-action on it, so that it can be decomposed into its ith-eigensheaves:
F =
⊕
i
Fi
we then say that F is a twisted sheaf on X if F = F1.
We will need the following
Lemma 1. RHom(−,OX) is an involution on the derived category of twisted perfect
complexes over a smooth projective scheme X.
Proof. Let us have E in some twisted derived category Db(X,α). The smoothness
of X implies that E is perfect. We get the natural map by applying twice the
adjunction:
RHom(E,OX)
id
−→ RHom(E,OX)
E ⊗L RHom(E,OX) −→ OX
E −→ RHom(RHom(E,OX),OX)
and in order to prove that the latter is an isomorphism in Db(X,α) it is enough
to apply a standard dévissage argument by working locally, thus reducing oneself
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to the case of E = OX where the duality holds (since it is non-twisted - see for
instance [SGA6] I Proposition 7.2). The glueing data of E and of the double dual
correspond to each other because they do locally and in a natural way, therefore
we have isomorphism of the twisted complexes as well. 
Remark 2. The twisting cocycle α can be realized in several ways other than the
class of a gerbe, but some are not feasible in general. Azumaya algebras are sheaves
of algebras which locally are the endomorphism sheaf of a locally free sheaf and
up to a certain equivalence relation constitute Br(X), the Brauer group of X,
which in general injects strictly into the cohomological Brauer group Br′(X) :=
H2
ét
(X,Gm)tors. In our cases however (e.g. affine or quasi-projective schemes) we
rely on big results stating that we have in fact equality of these two groups (see
[deJ03]).
1.3. Derived algebraic geometry.
1.3.1. Derived stacks. It would be impossible to give here a complete a summary
of what a derived stack is, because of the big amount of technical tools involved
in its mere definition: we will therefore point the reader towards the two principal
comprehensive references [Lur04] and [HAG2], as well as a more readable one in
[Toë14].
A derived stack is some kind of generalized space, where it is now fundamental
to think of a space as its functor of points, that is the representable functor from
some site to the category of sets given by taking Hom sets to the space. In our
setting we pass from "classical" algebraic geometry, whose domain is the site of
commutative algebras, to derived algebraic geometry, where we consider, over some
fixed base ring k, simplicial commutative k-algebras sCAlgk and commutative
differential graded algebras in non-positive degrees cdgAlg≤0k as derived analogues
of commutative algebras (and where we can make sense of higher topologies as
well). As we will be almost always working over C the homotopy theories of these
two categories are equivalent. We will also have to allow spaces of morphisms
between objects and not just sets (this is the higher stacks part of the picture).
To sum up (and introduce some notation), a derived stack can be thought of as a
functor (in the higher categorical sense) F ∈ dStk
F : sCAlgk → sSet
which satisfies some higher analogue of the sheaf axioms in the given (higher)
topology. Therefore the simplest examples of objects we are talking about are the
derived affine schemes, that is the representable functors F = MapsCAlgk(A,−) for
some simplicial commutative algebra A.
Derived stacks one wants to do geometry with are those which have some good
representability property with respect to an atlas (exactly like schemes/algebraic
spaces or Deligne-Mumford/Artin stacks in the non-derived setting are the sheaves
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or stacks which can be reduced to representable objects when looking them on a
cover) and this idea gives rise to the notion of geometric derived stack.
In this paper we will mostly follow the approach and formalism contained in
[HAG2] Chapter 2.2.
1.3.2. Moduli of objects in a dg category. All the results and definitions in this
section can be found in the paper [ToëVaq07], from where some notation is borrowed
as well. For a readable introduction to dg categories and their homotopy theory
the reader can consult [Toë11].
All along k will be a commutative unitary ring of characteristic 0 and from a
certain point on we will assume k = C.
Definition 2. A dg category is a k-linear category T enriched over the category
Ch(k) of (co)chain complexes, that is for every pair of objects x, y ∈ T the space
HomT (x, y) is a cochain complex and the composition and associativity maps are
maps of chain complexes. Given every dg category T there is an underlying cat-
egory, denoted [T ] or H0(T ), obtained taking the same objects of T and defining
Hom[T ](x, y) to be the zeroth cohomology group of HomT (x, y).
We can define the category dgCatk whose objects are (small) dg categories
and whose morphisms are functors between them which induce maps of cochain
complexes between the Hom spaces (these are called dg functors).
The primitive examples of k-linear dg categories are dg algebras over k, seen as a
dg category with one object and the algebra as endomorphism chain complex, and
the category Chdg(k) whose objects are chain complexes over k and where we de-
fine HomChdg(k)(X, Y ) as
⊕
p∈ZHomgrModk(X, Y [p]), with the obvious differential
making this set into a chain complex.
Dg functors T op → Chdg(k) are called T op-dg-modules. These form a dg cate-
gory T op-Mod which will be endowed with the model structure whose fibrations
and weak equivalences are those morphisms of dg-modules which are objectwise
respectively fibrations or weak equivalences in the projective model structure of
Ch(k). We will denote T̂ the full dg subcategory of T op-dg-modules formed by
cofibrant T op dg-modules.
Definition 3. An object x in a model category C is homotopically finitely presented
if MapC(x,−) commutes with filtered homotopy colimits, that is: for every filtered
system {yi} ∈ C the natural map
colimiMapC(x, yi) −→ MapC(x, hocolimi yi)
is an isomorphism. In case C = T op-Mod for a dg category T we will speak of
perfect or compact modules as a shorthand for homotopically finitely presented
modules.
Definition 4. Let T be a k-linear dg category.
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• T is locally perfect if HomT (x, y) is a perfect complex of k-modules for every
objects x, y in T .
• T has a compact generator if [T̂ ] has a compact generator as a triangulated
category (i.e. some g ∈ T such that Hom[T ](g[m], x) = 0 for every m ∈ Z
implies x = 0 which is moreover compact in the sense that for every family
{xi}i∈I of objects in T the natural map∐
i∈I
Hom[T ](g, xi) −→ Hom[T ](g,
∐
i∈I
xi)
is an isomorphism).
• T is proper if it is locally perfect and has a compact generator.
• T is smooth if it is a perfect object in ̂T ⊗L T op when considered as the T op⊗LT -
dg-module
T : T op ⊗L T −→ Chdg(k)
(x, y) 7−→ HomT (x, y)
• T is triangulated1 if the Yoneda embedding h : T → T̂perf is a quasi-equivalence,
which by definition means that the dg functor is a quasi-isomorphism on the
morphism chain complexes and induces an equivalence on the homotopy cate-
gories.
• T is saturated if it is proper, smooth and triangulated.
• T is of finite type if there exists a dg algebra B, homotopically finitely presented
in the model category dgAlg such that T̂ is quasi-equivalent to B̂op
Saturated dg categories are equipped with an intrinsic Serre functor: it is the
dg endofunctor ST : T → T associated to the cofibrant perfect T ⊗ T op-dg-module
sending the element (x, y) ∈ T ⊗ T op to HomT (x, y)∨, the dual chain complex over
k (see [ToëVaq15]).
Definition 5. Given a dg category T define the functor
MT : sCAlgk −→ sSet
A 7−→ MapdgCatk(T
op, Âperf)
where the mapping space in dgCatk is computed using the model structure due to
Tabuada [Tab05].
Theorem 1 ([ToëVaq07]). The functor MT is a derived stack.
If T is a smooth and proper dg category then MT is a locally geometric derived
stack locally of finite presentation, in the sense of the following definition.
1This property is sometimes called being pretriangulated in literature, here we mostly follow
the notational conventions of Toën and Vaquié
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Definition 6. F ∈ dStk is locally geometric if it can be written as a filtered colimit
F ≃ hocolimi Fi such that every Fi ∈ dStk is ni-geometric for some ni and each
morphism Fi → F is a monomorphism
2. If every Fi can be chosen to be locally of
finite presentation we say the same for F .
We pass freely from sCAlgk to cdgAlg
≤0
k by means of the normalization (Dold-
Kan) functor N since we are in characteristic 0, and we will usually prefer the dg
formalism.
For any F ∈ dStk we can choose a presentation F = hocolimi hAi where Ai ∈
cdgAlg≤0k and hAi : A 7→ Hom(Ai, A), which by virtue of standard resolutions and
straightenings can be chosen to be functorial. We then define
Lperf(F ) =
(
holim (̂Ai)perf
)op
Proposition 1 ([ToëVaq07]). There is an adjunction
Lperf : dStk ⇄ (dgCatk)
op : M−
This adjunction follows formally from the definition of MT , Yoneda Lemma
and commutation of colimits with mapping spaces, once we have given the correct
definition of Lperf . For caution about contravariancy, let us see how morphisms are
mapped via these functors. Given a diagram of simplicial commutative algebras
I → sCAlgk, i 7→ Ai, we get a diagram of dg algebras i 7→ NAi. For a morphism
i
ϕ
→ j in I we have the extension of scalars functor NAi → NAj which gives a dg
functor
NAj ⊗NAi − : NA
op
i -Mod −→ NA
op
j -Mod
restricting to a dg functor Âi → Âj.
We recall the following definition:
Definition 7. Let A ∈ cdgAlg≤0k . An A-dg-module P is of Tor amplitude con-
tained in [a, b] if for every H0(A)-module M it holds
Hi(P ⊗LA M) = 0 if i /∈ [a, b].
See section 2.4 in [ToëVaq07] for more properties of this notion.
1.3.3. Systems of points and moduli of point-like objects. This subsection is a quick
recap of what we are going to use from the article [ToëVaq15], where they introduce
t-structures on dg categories, discuss the notion of system of points and prove a
result of reconstruction of a dg category with these structures as the dg category
of perfect (twisted) complexes over the moduli space of point-like objects in the
category.
From this section on, we will work over C and we will follow the notational
convention of [ToëVaq15] where they denote by M the truncated (underived) stack
and write RM for its derived version.
2By definition this means that Fi → Fi ×hF Fi is a natural isomorphism in dStk.
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Definition 8. Given a saturated dg category T , a t-structure on T is the datum
of a t-structure in the standard sense on the triangulated category [T̂ ], with the
additional hypothesis that the subcategory [T̂ ]≤0 is generated under arbitrary sums,
cones and direct factors by a small set of objects.
Whenever we will talk about t-structures on dg categories, these categories will
always be supposed to be saturated, and in particular triangulated.
Remark 3. If [T ] already has a t-structure given by a full triangulated subcategory
[T ]≤0, this corresponds to a full dg subcategory T≤0. The homotopy colimit com-
pletion T̂ of T can then be endowed with an induced t-structure defined by letting
T̂≤0 be the smallest full dg subcategory of T̂ closed by colimits and containing the
image of T≤0 under the Yoneda embedding. With such a construction and defining
the corresponding subcategory T̂≥1 by orthogonality, the Yoneda functor becomes
a left and right t-exact embedding and T̂≤0 = T̂≤0. The heart of the induced
t-structure on [T̂ ] is T̂♥ = T̂♥. This is now written in Lemma A.1 of [HPV16].
Definition 9. A t-structure on a triangulated dg category T is
• bounded if every compact object of [T̂ ] is bounded (i.e. every compact -in the
triangulated sense- E ∈ [T̂ ] is contained in T̂ [a,b] for some a ≤ b);
• precompact if for every E ∈ [T ] the objects τ≤0(E) ∈ [T̂ ]≤0 and τ≥0(E) ∈ [T̂ ]≥0
are compact in [T̂ ];
• compact if it is bounded, precompact and if the full sub dg category T̂≥0 is stable
under filtrant colimits.
A compact t-structure over a dg category T (therefore really over the colimit
completion T̂ of T ) restricts to a t-structure in the standard sense over [T ].
Given a commutative C-algebra we can get a saturated base-changed dg category
TA := (T̂ ⊗LC A)perf and define T̂A
≥0
by base-change
T̂A
≥0
T̂A
T̂≥0 T̂
where the right vertical arrow is given by forgetting the A-module structure via
T̂A ≃ RHom(A, T̂ ) → RHom(C, T̂ ) ≃ T̂ . Let also T̂A
≤0
be the smallest sub-dg
category of T̂A stable under sums, cones and retracts and containing the image
of T̂≤0 under the scalar extension functor − ⊗C A : T̂ → T̂A. This provides the
induced t-structure on TA.
We also have, for every pair of integers a ≤ b, the substack M [a,b]T ⊂ MT defined
as the one taking a commutative C-algebra A to the full subsimplicial set of MT (A)
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formed by T op ⊗ A-dg-modules E such that, for every A→ A′,
E ⊗A A
′ ∈ [T̂A′ ]
[a,b]
Definition 10. A t-structure on a dg category T is
• open if for every pair of integers a ≤ b the substack M [a,b]T ⊂ MT is repre-
sentable by an open immersion;
• perfect if for every regular algebra A the induced t-structure on TA is compact
and moreover the heart T̂A
♥
is a noetherian abelian category.3
Definition 11. An object x ∈ T is a point object of dimension d if
• ST (x) ≃ x[d]
• H1HomT (x, x) is a C-vector space of dimension d
• HomT (x, x) is quasi-isomorphic to Symk(H
1(HomT (x, x))[−1]) as a dg-algebra.
A system of points of dimension d in T is the data of a set P of isomorphism
classes of point objects of T such that ∀x 6= y ∈ P HomT (x, y) = 0 and
E ≃ 0 ∈ T ⇔ HomT (E, x) ≃ 0 for every x ∈ P
Definition 12. Let T be a saturated dg category endowed with a perfect t-structure
and a system of points P of dimension d. The system of points P cogenerates the
t-structure if
E ∈ T≤0 ⇔ Hi(HomT (E, x)) ≃ 0 for all x ∈ P and i < 0
The system of points P strongly cogenerates the t-structure if it cogenerates the
t-structure and moreover for every object E ∈ T♥
E ≃ 0⇔ [E, x] ≃ 0 ∀x ∈ P
Definition 13. A system of points P is bounded if there exists an open substack
of finite type U ⊂ MT such that
P ⊂ π0(U(C)) ⊂ π0(MT (C))
When a saturated dg category is provided with a t-structure and a system of
points which satisfy all the properties above, it is possible to consider the moduli
stack MP classifying objects of P, defined as the one whose space of A-points for
A ∈ CAlgk of finite type is
MP(A) = {E ∈ T
♥ | ∀a : A→ C, E ⊗A C ∈ P}.
For a general algebra A we define MP(A) = colimAα MP(Aα) where the colimit
ranges over subalgebras Aα ⊂ A of finite type. We will also consider its coarse
moduli space MP . The main result in the paper [ToëVaq15] is the following:
3this by definition means that every subobject of a ω-small object is ω-small, that is if an object
X ∈ T is such that Hom(X,−) commutes with colimits indexed by ω then for every subobject
Y →֒ X the functor Hom(Y,−) has the same property.
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Theorem 2 ([ToëVaq15] 7.2). Let T be a saturated dg category equipped with a
perfect and open t-structure and a bounded system of points P such that P strongly
co-generates the t-structure. If MP is proper over k then there exists a natural dg
functor to the dg category of perfect complexes twisted by the class of the gerbe MP
T op −→ Perf(MP , [MP ])
which is a quasi-equivalence.
2. Moduli of point-like objects in the dg category of a variety
In this section we show that if T is the dg category of twisted perfect complexes
on a smooth projective variety X over C, the skyscraper sheaves form a system
of points in Perf(X,α). Moreover the variety can be reconstructed from such a
system of points. This statement is contained in [ToëVaq15].
We can rephrase the definition of RMT as in section 3.5 of [ToëVaq07] to see
that for any A ∈ cdgAlg≤0C
RMT (A) ≃MapdSt(X,RPerf)(A) ≃
≃
{
nerve of the non-full subcategory of Perf(X ×h RSpecA)
whose morphisms are weak equivalences
}
.
Remark 4 (Skyscraper sheaves are perfect of Tor amplitude 0). X is smooth pro-
jective, therefore Lqcoh(X) is generated by E =
⊕
0≤i≤dO(−i) and we can consider
the map of dg categories C→ Perf(X) sending the only object in the dg category
associated to C to E. Like in Section 3.5 of [ToëVaq07], this induces by pullback
the map
MPerf(X) ≃Map(X,RPerf)→ MC = RPerf
E 7→
⊕
RΓ(X,E(−i))
and as X is smooth Db(Coh(X)) = Dperf(X) therefore we can take a perfect com-
plex F quasi-isomorphic to a skyscraper sheaf A. O(−i) is locally free hence F (−i)
is calculated degreewise and is quasi-isomorphic to A(−i). It follows RΓ(X,F (−i)) =
RΓ(X,A(−i)). The map above sends in this way A to
⊕
RΓ(X,A(−i)). If
A = x∗(C) is the skyscraper supported on the point x of X, the projection formula
gives
x∗(C⊗C x
∗O(−i)) ≃ x∗(C)⊗OX O(−i)
and x∗O(−i) = x−1(O(−i))⊗OX,xC. O(−i) is locally free, therefore x
−1(O(−i)) ≃
OX,x as OX,x-module and therefore x∗(O(−i)) = C. It follows
RΓ(X,A(−i)) = RΓ(X,A) = C[0].
This means that Map(X,RPerf)→ RPerf sends skyscrapers of X to perfect com-
plexes in dgVectC concentrated in degree zero. As C is a field, those have Tor
amplitude contained in [0, 0].
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In the twisted case the result still holds due to a corollary to the main result in
[Toë12] which generalized to twisted derived categories the existence of a generator.
If X is a smooth projective variety and T = Perf(X,α) is its dg category of per-
fect α-twisted complexes, the standard t-structure on [T ] = Db(X,α) specified by
the full triangulated subcategory of [T ] of complexes quasi-isomorphic to ones con-
centrated in non-positive degrees gives a t-structure on T in the sense of definition
9.
Lemma 2. The standard t-structure on Perf(X,α) is open and perfect. Let P be
the set of skyscraper sheaves supported on points of X, dim(X) = d, then P forms
a system of points in T = Perf(X,α) which is bounded and strongly co-generates
the standard t-structure on Perf(X,α).
Proof. Let A be a regular C-algebra, if T = Perf(S, α) then TA is saturated and
therefore by definition compact objects in [T̂A] correspond to perfect complexes on
SpecA×S which are 1⊠α-twisted. By definition of the t-structure these will be of
bounded amplitude and this shows that the t-structure is bounded. Precompact-
ness of the t-structure on TA follows from the properties of the truncation functor .
Stability of T≥0 under filtrant colimits is readily seen by calculating of the mapping
spaces (taking colimits out), and the heart of TA consists of coherent sheaves on
SpecA× S where A is noetherian (regular) and S is smooth projective, therefore
it is noetherian abelian. This shows that the t-structure on T is perfect.
The t-structure considered on T is also open since this is equivalent to the semi-
continuity theorem for cohomology of coherent sheaves.
It is clear that skyscraper sheaves belong to the heart of the t-structure on
Perf(X,α) (by virtue of Remark 4) and satisfy the cohomological properties in
order to be point objects of dimension d and that P = {Ox | x ∈ X(C)} defines a
system of points in Perf(X,α). Also taking Hom’s to skyscraper has the properties
required to show that P strongly co-generates the standard t-structure on perfect
complexes. This system of points is also bounded because having Tor dimension
contained in a certain range is an open property and therefore we can choose
U = M
[0,0]
T to satify the definition of bounded system of points. 
As recalled in section 1.3.3, the machinery of [ToëVaq15] yields the moduli space
MP whose space of A-points for a regular algebra A is formed by perfect complexes
E in Perf(SpecA× S, 1⊠ α)♥ such that for every A→ C it holds E ⊗A C ∈ P.
If we note p, q the projections from SpecA × X to, respectively, SpecA and X
and ja : {a} × X →֒ SpecA ×X we see that E ⊗A C ≃ E ⊗p∗OSpecA p
∗Oa ≃ ja
∗E
since pullback commutes with tensor product.
The adjunction in Proposition 1 always provides the unit map η : X → MPerf(X,α).
Example. Let us compute the image of the points of X under this map.
Affine case: let X = SpecB be an affine scheme, then Lperf(X) = B̂perf = Perf(B)
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is the dg category of perfect complexes of B-modules and let us denote it by T .
Then the adjunction
Map(dgCatk)op(T, T ) =: MT (B)
∼
−→ MapdStk(X,MT )
maps idT : T → T , interpreted as an element in MT (B), to the map Φ defined by
X(A) = HomCAlgk(B,A)
ΦA−→ MT (A)
f 7−→ (fˆ ◦ − : B̂perf → Âperf)
where we denoted by fˆ the extensions of scalars functor from B-modules to A-
modules via f . A point x ∈ X(k) corresponds to a morphism ϕx : B → k and
therefore to a choice of a splitting B ≃ k⊕mx where mx = kerϕx. In this case the
map ϕx quotients out mx and we have
Φk(ϕx) = B/mx ⊗− : Perf(B)→ Perf(k) = Ĉperf ⊂ Chdg(C)
that is the functor corepresented by the skyscraper sheaf Ox. When considering a
presentation of X as a colimit of affine schemes this turns out to be the skyscraper
sheaf of a global point of X.
In [Toë07] the map η is specified to be
X(A) = Hom(SpecA,X)→ |Perf(X × SpecA, 1⊠ α)| ≃ MT (A)
(f : SpecA→ X) 7−→ E
where E is a kernel of the integral transform f ∗ : Perf(X,α) → Perf(A). This
implies that η factors through the point-like objects substack MP .
Lemma 3. Let E ∈ Db(SpecA×X, 1⊠ α) such that for every a ∈ SpecA(C) the
complex Lj∗aE is a twisted j
∗
aα-sheaf on {a}×X (it is concentrated in degree zero).
Then E is isomorphic to an α-sheaf which is faithfully flat over SpecA.
Proof. This is the twisted version of Lemma 3.31 in [Huy06], from where we adapt
the proof.
As we consider the derived category of the abelian category of twisted sheaves
there is the spectral sequence Ep,q2 = H
p(Lj∗aH
q(E)) converging to Hp+q(Lj∗aE),
which vanishes for p+ q 6= 0.
Let m ∈ Z be maximal such that Hm(E) 6= 0. Then at least one stalk of that
sheaf is non-zero on some closed point a ∈ SpecA, that is E0,m2 = H
p(Lj∗aH
m(E)) 6=
0, and this stays there in the limit which is non-trivial only for (p, q) = (0, 0), forcing
m = 0. Therefore Hp(E) = 0 for all strictly positive p.
The same reasoning applies to E0,−12 = H
−1(Lj∗aH
0(E)) which is therefore 0 and
this ensures the flatness of H0(E).
To show that the sheaves Hq(E) = 0 for q < 0 suppose instead there are
some non-trivial ones for some q and let m be the maximal value of q where
this happens, and let a ∈ SpecA be a closed point in the support of Hm(E). All
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E−p,q2 = H
−p(Lj∗aH
q(E)) are trivial for q > m and p < 0 we would get in the
limit Hm(Lj∗aE) = H
0(Lj∗aH
m(E)) 6= 0, a contradiction. Examining the stalks one
easily deduces the faithfulness of −⊗A E. 
Lemma 4. If E ∈ MP(A) then E ⊗ p
∗− induces a bijection between closed sub-
schemes of SpecA and quotients of E in Coh(SpecA×X, 1⊠ α).
Proof. Given a quotientOSpecA ։ OSpecA/I we get the quotient E ≃ E⊗p∗OSpecA ։
E ⊗ p∗OSpecA/I by right-exactness of the tensor product.
Viceversa given a quotient E ։ F define Z = supp p∗F , the support of p∗F . It
is a closed subscheme of SpecA and therefore of the form SpecA/I for some ideal
I in A.
Write G for p∗(E ⊗ p∗OSpecA/I) over SpecA, the map E ⊗ p∗− is injective if
OSpecA/I = OsuppG . Comparing the two exact sequences
0→ I → OSpecA → OSpecA/I → 0 0→ AnnG → OSpecA → OsuppG → 0
we see that G is the sheaf E/IE over SpecA and we are then reduced to prove that
suppAE/IE equals SpecA/I, that is AnnAE/IE = I.
The ideal I is obviously contained in AnnAE/IE and for the other inclusion
let a ∈ AnnAE/IE, which is equivalent to having (aE + IE)/IE = 0 (note that
AnnAE = ∅). By flatness of E over A, we have (aE+IE)/IE = ((aA+I)/I)⊗AE.
So the faithful flatness of E implies (aA+ I)/I = 0 or equivalently a ∈ I.
Let us now pass to surjectivity and consider
(1) 0→ K → E → F → 0
a short exact sequence of coherent sheaves. If we call Z = supp p∗F and we tensor
the sequence with p∗OZ we get the long exact sequence associated to the derived
functor −⊗L p∗OZ
· · · → Tor1(F, p∗OZ)→ K ⊗ p
∗OZ → E ⊗ p
∗OZ → F ⊗ p
∗OZ → 0.
The last nonzero term is isomorphic to F because we have the exact sequence
0 → IZ → OSpecA → OZ → 0 to which we can apply the right-exact F ⊗ p∗−,
getting the exact sequence (after identifying F ⊗OSpecA with F )
· · · → Tor1(F, p∗OZ)→ F ⊗ p
∗IZ → F → F ⊗ p
∗OZ → 0
and the term F ⊗ p∗IZ is zero (this can be checked locally and every stalk is zero
either because it is out of the support of F , out of the support of p∗IZ or has
the right hand part of the tensor product annihilating the left part). For similar
reasons (comparing the supports of K and p∗OZ which are related by the exact
sequence 1) it also holds K⊗p∗OZ = 0, giving the identification between E⊗p∗OZ
and F , thus proving surjectivity as well. 
Gathering all together we have the following
16 MARTINO CANTADORE
Proposition 2. Let X be a Gm-gerbe on X with class α. Then considering
T = Perf(X,α) and P the system of points of skyscraper sheaves on X yields
an equivalence of stacks
η : X → MP
Proof. The map is obtained by factoring the unit map of the adjunction Lperf ⊣
RM via the inclusion of MP →֒ MT and is a monomorphism because only equal
morphisms can have isomorphic graphs. Let us consider first the case where X =
BGm ×X is the trivial Gm-gerbe on X. What we have proved in Lemma 4 means
that our hypotheses imply the axioms for point objects in [CalGro15] hold and in
particular their Lemmas 2.7 and 2.8 yield that, writing
Z = suppE SpecA×X
SpecA
ι
ρ
p
ρ is an affine (universal) homeomorphism. Here Rp∗E = p∗E is a perfect complex
concetrated in degree zero and of constant rank 1 (as we see from watching fiberwise
via ja : {a} ×X →֒ SpecA×X).
In the sequence of maps
OSpecA
a
→ ρ∗OZ
b
→ Endρ∗OZ(ρ∗ι
∗E)
c
→ EndOSpecA(ρ∗ι
∗E) ≃ OSpecA
we have cba = id, c injective (being a forgetful map) and b injective (as Z =
suppE), therefore a is an isomorphism and ρ : Z ∼→ SpecA. Calling f its inverse
we have that E ⊗ p∗(p∗E)∨ ≃ OΓf . This proves that the map η is an epimorphism
and therefore an equivalence of stacks.
The case when X is a Gm-gerbe over X begins by considering E ∈ Perf(SpecA×
X, 1 ⊠ α) and remarking that the considerations made around the map ρ in the
diagram 2 still hold true, that is ρ is an affine universal homeomorphism and in
particular this implies that every trivialization of the gerbe structure on suppE is
the pullback via ρ of a trivialization over SpecA, therefore taking an open cover
trivializing f ∗α we get that on every patch the gerbe is trivial and the result holds,
the global statement hence follows via descent. 
Remark 5. The above equivalence is an equivalence of stacks between two Gm-
gerbes which is not an equivalence of Gm-gerbes, because the map X → MP does
not respect the action of BGm4. Nevertheless, when precomposing the given action
by −1 we have a morphism of Gm-gerbes which is an equivalence. In other words,
4We would like to thank Bertrand Toën for pointing this out.
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the diagram
BGm × X X
BGm ×MP MP
−1×η η
commutes.
3. Moduli of point-like objects in the dg category of K3 surfaces
and of cubic fourfolds
Recall the semi-orthogonal decomposition of the derived category of a cubic
fourfold Y as
Db(Y ) = 〈AY ,OY ,OY (H),OY (2H)〉.
Let us also recall that for a K3 surface S one can define the transcendental
lattice T (S) as the orthogonal in H2(S,Z) to the algebraic part of the cohomology.
A Brauer class β ∈ Br(S) can be realised as a group morphism T (S) → Q/Z
(via pairing with a rational B-field lifting β, see [HuySte05]) and we define the
sublattice T (S, β) as the kernel of this morphism. In particular the order of the
element β in the Brauer group is related to the discriminants of the lattices via the
formula
|β|2 · |disc(T (S, β))| = |disc(T (S))|.
The past section can be used to prove:
Theorem 3. Let Y ⊂ P5 be a cubic fourfold, AY the admissible triangulated subcat-
egory as above and TY a dg enhancement of the latter. The following are equivalent:
(1) there exists a twisted K3 surface (S, α) such that Db(S, α) ≃ AY
(2) there exists a system of points P of dimension two in TY strongly co-
generating a t-structure on TY and MP is a K3 surface.
In particular the K3 is untwisted (i.e. α = 1) if and only if MP is the trivial
Gm-gerbe on MP .
Proof. The implication (1)⇒ (2) is the content of the previous section.
For the converse we use Theorem 7.2 in [ToëVaq15] which gives the equivalence
between T opY and the dg category of perfect complexes on MP twisted by [MP ] ∈
H2
ét
(S,Gm). We use Lemma 1 and dualize in order to get
TY ≃ Perf(MP , [MP ]
−1)
Now it is clear that the triviality of the gerbe MP gives the trivial twist α = 1,
while for the converse it is sufficient to remark that there is no equivalence Db(S) ≃
Db(S, β) because of the short exact sequence involving the transcendental lattices
(see [HuySte05])
0→ T (S, β)→ T (S)→ Z/nZ→ 0
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where n is the order of β in the Brauer group: having nontrivial β would give that
the discriminants of T (S) and T (S, β) differ by the constant n2 6= 1 and therefore
the lattices cannot be isometric. Hence the twisted and untwisted derived categories
cannot be equivalent. 
Remark 6. The fact of taking the duals in the proof of the theorem reflects the con-
tent of Remark 5. Indeed the equivalence of stacks X ≃ MP does not induce a well
defined morphism of dg categories of twisted sheaves Perf(S, α) ≃ Perf(MP , [MP ])
because this is not a map of Gm-gerbes. The trick of reversing the action of Gm
over one of the two gerbes makes then appear the inverse of the twist in one of the
two sides, giving a well defined equivalence.
3.1. An alternative approach. Recall that for a K3 surface S there is a linear
map from the Grothendieck group K0(S) to the even part of the cohomology with
coefficients in Q sending the class of a complex of sheaves to its Chern character
(which can be easily extended on complexes, see for instance [Huy06]).
We want to characterize points on S in a different manner, so we try to isolate
skyscraper sheaves (and in general structure sheaves of graphs of morphisms into
S) from a homological point of view: let x ∈ S(C) be a closed point and let Ox be
the skyscraper sheaf supported on x. The same symbol will also denote the image
of this sheaf in the derived category. We will also often drop the reference to the
base field C.
We will therefore consider for A ∈ sCAlg and E ∈ Perf(S ×h RSpecA) the
following conditions:{
exti(E,E) = exti(Ox,Ox) for every i ∈ Z
ch(E) = ch(Ox)
[♠]
E has Tor amplitude contained in [0, 0][0]
Consider the full substack RM pt,0T of RMT defined by setting RM
pt,0
T (A) to be
the full subsimplicial set od RMT (A) consisting of all the E ∈ RMT (A) satisfying
[♠] and [0], for A ∈ sCAlg.
Proposition 3. RM pt,0T is an open substack of RMT .
Proof. We will show that the truncated (underived) stack M pt,0T := t0(RM
pt,0
T ) is
an open substack of t0(RMT ). The equivalence of Zariski and étale sites of RMT
and MT in [STV15] proves that this suffices.
Chern classes are functorial, therefore for any thickening S × SpecA0
i
→֒ S ×
SpecA induced by a square-zero extension A→ A0, and for any E ∈ Perf S × SpecA
flat over SpecA such that E := i∗E we have ck(E) = ck(i∗E) = i∗ck(E) and
i∗ : H•(S×SpecA,Z)→ H•(S×SpecA0,Z) is an isomorphism since their underly-
ing topological spaces are the same. The Chern character is then a function of the
Chern classes hence ch([E ]) = ch([E]) when we identify the cohomology groups of
the space and its thickening.
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We can rephrase the conditions on the ext’s by saying that the trace from
Ext0(E,E) to k is an isomorphism and that χ(E,E) = 0, and both these conditions
are stable under small deformations in the setting of the preceding point. 
The results of [Toë07] are used in [ToëVaq07] to calculate the homotopy groups
of the simplicial set RMT (A) and this gives us
πi(RM
pt,0
T (A), E) ≃ Ext
1−i(E,E) = 0 if i>1
π1(RM
pt,0
T (A), E) ≃ AutHo(T⊗LA−Mod)(E,E) ≃ C
∗
with A ∈ cdgAlg≤0k , E ∈ T ⊗
L A − Mod. This implies that RM pt,0T takes
1-truncated values and can therefore be considered as a geometric 1-stack and
RM pt,0T → π0t0 RM
pt,0
T is a fibration on the coarse moduli space with vertex
groups Gm. This is obviously locally nonempty and locally connected by proper-
ties of perfect complexes. It follows that RM pt,0T is a Gm-gerbe over the coarse
space Mpt,0T := π0t0 RM
pt,0
T .
Proposition 4. The map η : S → Mpt,0T obtained from the unit of the adjunction 1,
factored through the truncation and coarse space of M pt,0T , is an open immersion.
Proof. This is an almost word by word translation in the algebraic setting of Propo-
sition 5.6 in [ToëVaq08].
Let f, g : SpecA → S such that ηA(f) = ηA(g) in M
pt,0
T (A). This means that
the structure sheaf of their graphs Γ(f) and Γ(g) ⊂ S × SpecA are isomorphic
in Coh(SpecA × S), at least locally, but since being equal is a local property on
SpecA we can suppose that the structure sheaves of the graphs of f and g are
isomorphic. This implies that the algebraic subspaces defined by those are equal
and therefore the morphisms must be equal as well. This means that the algebraic
subspaces defined by them are equal and the map is therefore a monomorphism.
Proving that η is formally smooth implies that it is formally étale because it is a
monomorphism. Let A→ A0 be a square-zero extension of commutative C-algebras
and let
(2)
SpecA0 S
SpecA Mpt,0T
u
i
η
v
we want to check the existence and uniqueness of w : SpecA → S making the
above diagram commute. Given a morphism u : SpecA0 → S we will denote by
E0(u) := OΓu the structure sheaf of the graph Γu ⊂ SpecA0 × S of u.
The data of a diagram such as (2) is equivalent to giving a pair (u,E) where
u : SpecA0 → S is a morphism and E ∈ Perf(SpecA × S) is such that Li∗(E) ≃
E0(u) in Perf(SpecA0 × S).
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We are therefore looking for a w : SpecA → S such that E(w) := OΓu ≃ E.
The condition w◦ i = u will be automatically implied by η being a monomorphism.
Such an E ∈ Dperf(SpecA× S) with the property that Li∗(E) is coherent and flat
over SpecA0 is coherent and flat over SpecA (by [AneToë09]).
Let q : SpecA×S → S be the projection, for all a ∈ SpecA, letting ja : {a}×S →
SpecA× S the inclusion,
Lj∗aRq∗(E)
qis
≃ C[0]
therefore Rq∗(E) =: L is a line bundle over SpecA. By restricting to sufficiently
small open subsets we can suppose L trivial. Therefore there is e : OSpecA ≃
Rq∗(E), which by adjunction, corresponds to an f : q∗OSpecA = OSpecA×S → E.
Since Li∗(E) ≃ E0(u), f is an epimorphism at each point in SpecA × S and
therefore E ≃ OZ for some Z ⊂ SpecA × S, algebraic and flat over SpecA.
Z ×SpecA SpecA0 ≃ Γu → SpecA0 is an isomorphism, therefore Z → SpecA is an
isomorphism. Hence there exists w : SpecA → S whose graph is Z and we have
E(w) ≃ OZ ≃ E. 
Remark 7. We observe that on closed points the map ηC : S(C) → M
pt,0
T (C) is
surjective because taking E ∈ Coh(S) with the prescribed Chern character gives
(for L = i∗(O(1)), i : S →֒ Pm)
PE(n) = χ(S,E(n)) =
∫
S
ch(E ⊗ Ln). td(S) ≡ 1
therefore E is supported in dimension zero i.e. on a finite number of points, and
with 1-dimensional global sections. That is exactly a skyscraper supported over
one closed point.
In particular we also have MP(C) ≃ M
pt,0
T (C), so they have the same closed
points but their infinitesimal information might be different.
Remark 8. In this work we mostly stuck to the case where AY is already known to
be geometric, but the ultimate goal would be having a general treatment of those
K3 categories independently of their geometric incarnation. This however clashes
with some obstacles, first of all that the general AY does not contain enough point
objects. Another big problem is that it is not known to date (to the best of the
author’s knowledge) if AY possesses a unique dg enhancement, as is the case for
most derived categories of schemes, and this would make more difficult to develop
the theory. Last but not least, another fundamental ingredient would be missing
in the non-geometric case but it is only recently that a non-trivial t-structure has
been claimed to have been produced on AY by Bayer, Lahoz, Macrì and Stellari.
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